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Correlated Diffusion of Membrane Proteins and Their Effect on Membrane
Viscosity

Naomi Oppenheimer and Haim Diamant*
School of Chemistry, Raymond & Beverly Sackler Faculty of Exact Sciences, Tel Aviv University, Tel Aviv, Israel

ABSTRACT We extend the Saffman theory of membrane hydrodynamics to account for the correlated motion of membrane
proteins, along with the effect of protein concentration on that correlation and on the response of the membrane to stresses.
Expressions for the coupling diffusion coefficients of protein pairs and their concentration dependence are derived in the limit
of small protein size relative to the interprotein separation. The additional role of membrane viscosity as determining the char-
acteristic length scale for membrane response leads to unusual concentration effects at large separation—the transverse
coupling increases with protein concentration, whereas the longitudinal one becomes concentration-independent.
INTRODUCTION

Biomembranes contain a high concentration of proteins, per-

forming key cellular functions (1). Extensive efforts have

been directed, therefore, at measuring the dynamics of

membrane proteins using various experimental techniques

(2). Those studies have concentrated on either single-mole-

cule dynamics (using single-molecule tracking (3,4) and fluo-

rescence correlation spectroscopy (2)) or collective gradient

diffusion (using fluorescence recovery after photobleaching

(5)). Both the single-particle and large-scale levels are in

some contrast with the expected cooperative motion of several

proteins at the high concentration relevant to biomembranes,

and the crucial role played by small protein aggregates in

membranes. Until now experimental investigations of the

correlated motion in membranes and monolayers have been

limited to rather extended objects, such as domains (6,7)

and embedded microspheres (8), although similar two-point

microrheological measurements with fluorescent membrane

proteins seem feasible (3). Furthermore, in cases where one

is interested in membrane properties rather than those of the

proteins, two-point microrheology has the advantage of being

insensitive to the shape of the inclusion and the local pertur-

bation that it introduces in the membrane (9,10). It seems to

be of significant interest, therefore, to account for the corre-

lated Brownian motion of membrane proteins and the associ-

ated effects on membrane dynamics.

From a hydrodynamic perspective, a bare, protein-free

membrane can be viewed as a quasi-two-dimensional

(quasi-2D) liquid, whose molecules (lipids) are free to flow

only within the membrane surface, yet exchange momentum

with the surrounding three-dimensional (3D) liquid. Hence,

flows within a membrane are essentially different from those

in both 3D and 2D liquids, in that they do not conserve

momentum. As a result, a characteristic length scale k�1

emerges, such that over distances much smaller than k�1
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the membrane keeps its momentum and responds similar

to a 2D liquid, whereas beyond that distance momentum is

exchanged with the surroundings, and the response is signif-

icantly modified.

To gain further intuition for the results that will follow, let us

compare this situation in slightly more detail with the ones in

momentum-conserving 3D and 2D liquids. In the 3D case, the

stress (i.e., momentum flux) emanating from a local perturba-

tion must decay with distance r as s ~ r�2 (so that the total flux

through an envelope of radius r should remain constant). Since

shear stress is related to fluid velocity y as s ~ hfVy, where hf is

the shear viscosity of the fluid, the velocity response to the

perturbation decays as y ~ (hfr)�1. More specifically, given

a point force f acting on the liquid at the origin, the steady-state

flow velocity v(r) at position r is given by (11)

3D liquid : yiðrÞ ¼ GijðrÞfj; GijðrÞ ¼
1

8phfr

�
dij þ

rirj

r2

�
;

(1)

where G is the Oseen tensor and i, j¼ x, y, z. (Summation over

repeated indices is implied throughout this article.) An impor-

tant consequence of this velocity response is that the correla-

tion (hydrodynamic interaction) between the motions of two

particles suspended in the liquid is long-ranged, decaying as

1/r (11). Similarly, in a 2D momentum-conserving liquid

the stress must decay as s ~ r�1, and, thus, the velocity decays

as �hm
�1 ln(k0r), where hm is the 2D shear viscosity. The

resulting well-known logarithmic divergence of this problem

(11) requires a cutoff length k0�1 (e.g., the system size). The

analog of Eq. 1 for the 2D case is

2D liquid : yiðrÞ ¼ GijðrÞfj;

GijðrÞ ¼
1

4phm

h
� lnðk0rÞdij þ

rirj

r2

i
; ð2Þ

where here (and in the rest of the article) i, j ¼ x, y. For the

intermediate quasi-2D case of fluid membranes we expect

the response, and thus the hydrodynamic interaction between
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inclusions, to cross over from the 2D logarithmic decay at

short distances to the 3D 1/r decay at large distances.

Three major theoretical approaches to membrane hydro-

dynamics have been presented. In Saffman’s pioneering

theory (12), the membrane is modeled as a flat slab of

viscous liquid, having width w and viscosity hm/w. The

flow velocity in the membrane is assumed to be two-dimen-

sional, i.e., the velocity profile across the slab width is

uniform. The slab has at its two bounding surfaces no-slip

contacts with an infinite viscous fluid (water), having

viscosity hf. The emergent characteristic length—the

Saffman-Delbrück length (13)—is given by

k�1 ¼ hm

2hf

: (3)

(In asymmetric cases, where the liquids on the two sides of the

membrane have different viscosities, one should replace 2hf

with the sum of those viscosities). Considering a membrane

protein as a cylindrical inclusion of radius a� k�1, Saffman’s

theory yields the following self-mobility for the protein,

Bs ¼
1

4phm

½ � lnðka=2Þ � g�; (4)

where g x 0.58 is Euler’s constant. The self-diffusion coeffi-

cient of the protein is simply given, through Einstein’s rela-

tion, by Ds ¼ kBTBs, where kBT is the thermal energy. The

weak logarithmic dependence of Ds on the protein size, as pre-

dicted by Eq. 4, does not seem to be obeyed in practice (14). It

has been argued that the discrepancy might arise from the local

disturbance that the protein creates in the membrane (10).

Another theoretical suggestion has been to use cylindrical

membrane tethers, whose (better-controlled) radius should

replace the Saffman-Delbrück length (15). Nonetheless, Eq.

4 has been confirmed in the Brownian motion of small

membrane domains (7) and colloidal particles embedded in

a fluid monolayer (8). The Saffman theory has been extended

to arbitrary values of ka (16) and to the case of membranes

supported on a liquid layer of finite thickness (17,18).

In the second approach, introduced by Levine et al.

(19–21), the membrane is treated as a viscoelastic film of van-

ishing thickness within an infinite viscous liquid, taking into

account both in-plane and out-of-plane dynamics. The in-

plane response of this model, in the limit of a purely viscous,

incompressible film, coincides with that of the Saffman theory.

The third theoretical approach considers the membrane as

an effective 2D Brinkman liquid (22), i.e., a liquid with an

additional phenomenological term that makes it lose

momentum over distances larger than a certain given value,

k�1 (23–28). The mobility of a disk of radius a, as calculated

from this theory, coincides with Eq. 4 in the limit ka � 1.

However, this approach is essentially different from the first

two in that it breaks the translational symmetry along the

membrane surface. Thus, while the theories of Saffman

and Levine et al. conserve total momentum in 3D, allowing

the surrounding liquid to impart momentum back to the
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membrane at large distances, in the Brinkman-like theory

the momentum, once leaving the membrane, is lost. As

a result, the large-distance response of this model is qualita-

tively different, decaying as 1/r2 (as required by mass conser-

vation in 2D (29)) rather than 1/r (as resulting from

momentum conservation in 3D). This approach, therefore,

is appropriate at sufficiently short distances, or when transla-

tional symmetry is indeed broken. The latter case is relevant,

for example, when the membrane is supported on a solid

substrate (17,18,23,28,30) or contains immobilized inclu-

sions (31). Actual biomembranes are commonly anchored

to an elastic cytoskeleton via immobile proteins and, in

such cases, cannot be considered translationally invariant.

Since the lateral size of membrane proteins is typically at

least one-order-of-magnitude larger than that of the lipids,

they can be considered as suspended in a continuous

quasi-2D liquid, thus making the membrane a quasi-2D

suspension. In analogy with ordinary suspensions, we expect

that the average effect of many such mobile proteins will

lead to a modified effective response of the membrane. For

example, the presence of hard spheres in 3D suspensions

leads to a modified effective viscosity, which is given, up

to linear order in the volume fraction of spheres f, by (32)

3D suspension : heff
f ¼ hf

�
1 þ 5

2
f

�
: (5)

The analogous result for a 2D suspension of hard disks is

(33)

2D suspension : heff
m ¼ hmð1 þ 2fÞ; (6)

where here f is the area fraction of disks. As described above,

membranes represent a more complicated intermediate

between 2D and 3D liquids, and we expect, therefore,

a more subtle, distance-dependent effect of inclusions on its

response.

In this work, we extend the Saffmn theory of membrane

hydrodynamics (12) to account for the correlated Brownian

motion of protein pairs and the effect of protein concentra-

tion on that motion. The analysis is restricted to the limit

of small protein size, ka � 1. Since the viscosity of a lipid

bilayer is typically 103-fold that of water (34), k�1 is typi-

cally three-orders-of-magnitude larger than the membrane

thickness, i.e., of micron scale. Hence, the limit ka � 1

should hold for any membrane protein, as originally assumed

by Saffman and Delbrück. As regards the interprotein

distance, two regimes are addressed—intermediate

distances, a � r � k�1, and the asymptotically far region,

r [ k�1. We avoid the region r ~ a, in which specific effects

of protein shape and membrane distortion are expected to be

important. Corrections to leading order in a/r are nonetheless

derived.

We begin with a presentation of several basic properties of

Saffman’s hydrodynamic theory, which are useful for our

calculations. The resulting coupling diffusion coefficients
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of an isolated protein pair are subsequently described. We

then proceed to derive the leading corrections to the

membrane response, as well as the coupling diffusion coef-

ficients, due to a low concentration of membrane proteins.

Finally, we discuss the physical meaning of the results and

their practical limitations. While writing this article we

have learned of an independent study by Henle and Levine

of the effective viscosity of membranes with mobile inclu-

sions (35). The relation between their results and ours is ad-

dressed in the Discussion.

THEORY

Membrane hydrodynamics

Consider a flat membrane, lying on the xy plane. First, we

address the steady-state flow velocity of the membrane at

position r, v(r), in response to a point force, f, applied at the

origin and directed along the membrane plane. In Fourier

space, ~vðqÞ ¼
R

dre�iq,rvðrÞ, Saffman’s analysis yields (12)

~yiðqÞ ¼ ~GijðqÞfj; ~GijðqÞ ¼
1

hmqðq þ kÞ

�
dij �

qiqj

q2

�
; (7)

where i, j¼ x, y. The tensor G is the membrane-analog of the

Oseen tensor of Eq. 1. Inverting to real space, we get

where Yn and Hn are, respectively, Bessel functions of the

second kind and Struve functions. At short distances,

r � k�1, G reduces to

r � k�1 : GijðrÞx
1

4phmn
� ½lnðkr=2Þ þ g þ 1=2�dij þ

rirj

r2

o
þ OðkrÞ:

(9)

This result coincides with the one for a 2D liquid, Eq. 2, with

an appropriate definition of k0 ~ k. At large distances,

r[k�1, G tends to

r[k�1 : Gijx
1

2phm

rirj

kr3
þ OðkrÞ�2

; (10)

which shows the typical 1/r decay of 3D flows. Moreover,

since hmk ¼ 2hf, the large-distance response depends solely

on the outer liquid viscosity and is independent of membrane

viscosity. (In fact, up to a numerical prefactor, Eq. 10 could

GijðrÞ ¼

1

4hm

("
H0ðkrÞ � H1ðkrÞ

kr
� 1

2
ðY0ðkrÞ � Y2ðkrÞÞ þ 2

pðkrÞ2

#

dij �
"

H0ðkrÞ � 2H1ðkrÞ
kr

þ Y2ðkrÞ þ 4

pðkrÞ2

#
rirj

r2

)
; ð8Þ
be readily derived by requiring that G decay as 1/r and obey

2D incompressibility, viGij ¼ 0.)

Now suppose that, rather than being a point force, the

force is applied to the membrane by a disklike particle of

finite radius a. To leading order in a/r, the membrane flow

velocity is given by yiðrÞxGijðrÞfj. We are interested in

the finite-size correction to this flow while still neglecting

terms of order ka (as we do throughout this work). The

domain of interest, therefore, is a < r� k�1. In this region

the membrane behaves as a 2D liquid, following Eq. 9. Thus,

the calculation reduces to a 2D Stokes problem of finding the

flow away from a rigid disk, whose solution is

a < r � k�1 : yiðrÞ ¼ G
ðaÞ
ij ðrÞfj;

G
ðaÞ
ij ðrÞ ¼ GijðrÞ þ

a2

8phmr2

�
dij �

2rirj

r2

�
; ð11Þ

where G is given by Eq. 9.

Next, we consider a membrane with a preexisting flow

velocity v(r), and embed in it a circular disk of radius

a moving with linear velocity U and angular velocity U.

We would like to find the force F, torque L, and force dipole

(stresslet) S, which the inclusion exerts on the fluid

membrane. For a sphere in an unbounded liquid the linear

relations between (F, L, S), on the one hand, and (v, U,

U), on the other, are given by the first and second Faxén

laws (11). In the Appendix, we derive the (approximate)

membrane-analogs of these laws, which are

Fx
4phm

lnðka=2Þ þ g

�
v þ 1

4
a2V2v�U

�
; (12)

Lx2phma2

��
1 þ 1

8
a2V2

�
ðV � vÞ � 2U

�
; (13)

Sijx2phma2

�
1 þ 1

8
a2V2

��
viyj þ vjyi

	
: (14)

Applying the first relation, Eq. 12, to a disk moving in an

otherwise stationary membrane (v ¼ 0), we recover the Saff-

man-Delbrück mobility (Eq. 4). These relations are exact for

a 2D liquid (where, in addition, the term proportional to

V2(V � v) in Eq. 13 vanishes), whereas for membranes their

validity is restricted to sufficiently small particles, ka � 1.

(See the Appendix for details.)

Correlated diffusion

Consider a pair of membrane proteins undergoing Brownian

motion while being separated by the 2D vector r. We

consider a time period t, which is sufficiently short such

that r can be assumed constant, yet sufficiently long to yield

Brownian displacements linear in t. We further assume that r
is much larger than the protein sizes (radii), a1 and a2. The

Biophysical Journal 96(8) 3041–3049
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displacements of the two proteins during time t obey the

relations 

Dra

i Drb
j

�
¼ 2Dab

ij ðrÞt ; (15)

where Dri
a is the displacement of particle a (a ¼ 1, 2) along

the axis i (i ¼ x, y). The diffusion tensor Dij
ab characterizes

both the self-diffusion of the particles (a ¼ b) and the

coupling between them (a s b). We define the x axis, without

loss of generality, along the line connecting the pair, i.e.,

r ¼ rbx. This choice leads, by symmetry, to Dxy
12 ¼ 0.

The coupled diffusion is then fully characterized by two

coefficients: a longitudinal coupling diffusion coefficient,

Dc
LðrÞ ¼ D12

xxðrbxÞ, and a transverse one, Dc
TðrÞ ¼ D12

yyðrbxÞ.
The former is associated with the coupled Brownian motion

of the pair along their connecting line, and the latter with the

coupled motion perpendicular to that line.

For the overdamped dynamics considered here the diffu-

sion tensor in Eq. 15 is simply related to a pair-mobility tensor

via the Einstein relation, Dij
ab ¼ kBTBij

ab. The mobility tensor

Bij
12(r) gives the change in velocity yi of particle 2 located at r

due to a unit force in the j direction applied to particle 1 at the

origin. In the limit a/r / 0 (a being the larger of a1, a2) this, in

turn, is just the membrane-analog of the Oseen tensor, Eq. 8.

Hence, we readily identify

r[ða2k�1Þ1=3
:

Dc
LðrÞxkBTGxxðrbxÞ ¼ kBT

4hmkr

�
H1ðkrÞ � Y1ðkrÞ � 2

pkr

�

Dc
TðrÞxkBTGyyðrbxÞ ¼ kBT

4hm

�
H0ðkrÞ � H1ðkrÞ

kr
� 1

2

�
Y0ðkrÞ

�Y2ðkrÞ
�
þ 2

pðkrÞ2
�
: ð16Þ

(The domain of validity stated here will be clarified below,

when we address the effect of finite particle size.) This result

coincides with the in-plane response functions derived by

Levine and MacKintosh in the limit of a purely viscous,

incompressible membrane (19). It was confirmed in experi-

ments involving colloidal particles in monolayers (8) and

rigid circular domains in membrane vesicles (7).

At very large interparticle distances, r [ k�1, Eq. 16

reduces to

r[k�1 : Dc
LðrÞx

kBT

2phmkr
¼ kBT

4phfr
;

Dc
TðrÞx

kBT

2phmðkrÞ2
¼ kBThm

8ph2
f r2
: ð17Þ

The longitudinal coupling between the two proteins decays

asymptotically as 1/r and is independent of membrane

viscosity. (It is identical, in fact, to the analogous coefficient

in a 3D liquid.) The transverse coupling decays only as 1/r2,

and, curiously, increases with membrane viscosity. When

Biophysical Journal 96(8) 3041–3049
the interparticle distance is smaller than k�1 yet still suffi-

ciently large, Eq. 16 becomes�
a2k�1

	1=3� r � k�1 :

Dc
L;TðrÞx

kBT

4phm

½� lnðkr=2Þ� g� 1=2þð1H1=3Þkr�; ð18Þ

where the upper (lower) signs correspond to the longitudinal

(transverse) coefficient.

Let us now examine the leading effect of finite particle

sizes, a1 and a2, and see at what interparticle distance this

effect becomes significant. In this domain, clearly,

r � k�1. First, according to Eq. 11 there is a correction of

order a1
2/r2 to the flow velocity caused by the forced particle

1. In addition, the first Faxén law, Eq. 12, yields a correction

of order a2
2/r2 for the velocity of particle 2 as it is embedded

in that flow. Substituting v(r) of Eq. 11 in Eq. 12 while

setting F ¼ 0 (particle 2 being force-free), we find the

velocity U of particle 2 to leading order in a1
2, a2

2. The rela-

tion between U and f defines a corrected pair mobility tensor,

resulting in the coupling diffusion coefficients,

a� r �
�
a2k�1

	1=3
:

Dc
L;TðrÞx

kBT

4phm

�
� lnðkr=2Þ � g � 1=2 � a2

1 þ a2
2

2r2

�
; ð19Þ

where the plus (minus) sign corresponds to the longitudinal

(transverse) coefficient. The coefficients are symmetric under

particle exchange 1 4 2, as they should be. Comparing Eqs.

18 and 19, we see that the finite-size effect sets in for r (
(a2k�1)1/3; hence the domains of validity stated in Eqs. 16–19.

Fig. 1 shows the coupling diffusion coefficients as a func-

tion of interparticle distance, along with their asymptotes.

Effective viscosity

We would like now to calculate the change in membrane

viscosity due to the presence of many embedded proteins,

to leading (linear) order in protein concentration. The defini-

tion of effective viscosity is a subtle point, to which we

return in the Discussion. Here we define it using the large-

distance flow response of the membrane, i.e., we extract

the effective viscosity from G(r / N) / Geff, as it is modi-

fied by protein concentration. A similar procedure for a 3D

suspension of hard spheres (29) correctly reproduces the

known effective viscosity of that system, Eq. 5.

We begin again by applying a point force f at the origin. The

membrane flow velocity at position r is then given by

y(0)
i (r) ¼ Gij(r)fj, where G is given by Eq. 8. Let a disklike

protein of radius a be positioned at r0. Due to its finite size

it will perturb the membrane flow. The particle is force- and

torque-free, and, hence, the leading moment of that perturba-

tion is a force dipole, S(r0). From our second Faxén-like law,

Eq. 14, we have

Sijðr0Þ ¼ 2phma2
�
viGjkðr0Þ þ vjGikðr0Þ



fk ; (20)
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where we have neglected terms of order a4. This force

dipole, located at r0, changes the flow velocity at position r
by dyi(r) ¼ Skj(r

0)vkGij(r � r0).
Now suppose that many such mobile proteins are present in

the membrane, occupying a fraction f of its area. The theory

being linear, we can superimpose their individual perturba-

tions and average over all possible positions r0. This yields

an average correction to the flow velocity,

dyiðrÞ

�
¼
Z

dr0pðr0ÞSkjðr0ÞvkGijðr� r0Þ; (21)

where p(r0) is the probability density of finding a particle

at r0. To leading order in f we may assume a uniform

probability density, p(r0) ¼ f/(pa2). The convolution in

Eq. 21 is then conveniently handled in Fourier space,

hd~yiðqÞi ¼ ½f=ðpa2Þ ~SkjðqÞiqk
~GijðqÞ



. Substituting Eq. 7

and the transform of Eq. 20, we find

A

B

FIGURE 1 Longitudinal (A) and transverse (B) coupling diffusion coeffi-

cients as a function of interprotein distance. The diffusion coefficients are

scaled by kBT/(4hm) and the distance by the Saffman-Delbrück length k�1.

The results for r [ (a2k�1)1/3 (Eq. 16, solid lines) are presented along

with their asymptotes for r [ k�1 (Eq. 17, dotted lines) and (a2k�1)1/3

� r� k�1 (Eq. 18, dashed lines). The insets focus on the region of shorter

distances, where corrections due to protein size become significant (Eq. 19,

dash-dotted lines, taking a1 ¼ a2 ¼ 10�3k�1).
~yiðqÞ ¼ ~y
ð0Þ
i þ



d~yi

�
¼ ~Geff

ij ðqÞfj;

~Geff ¼
�

1� 2fq

q þ k

�
~G:

(22)

In the limit k / 0, Eq. 22 reduces to the effective response of

a 2D suspension of hard disks, Eq. 6 (33). For finite k, because

of the q-dependent prefactor in Eq. 22, it does not seem at first

as if the mobile particles could lead to such a straightforward

renormalization of the membrane response, as they do in 2D

and 3D suspensions (29). Only in the limit q / N do we

simply get Geff / (1–2f) G as in the 2D case. In the opposite

limit, q / 0, we obtain Geff / G, i.e., the membrane

response becomes unaffected by the presence of proteins. A

closer inspection reveals, however, that Eq. 22 could be

also obtained from ~G of Eq. 7 by the following simple substi-

tution (up to linear order in f):

~Geff ¼ ~Gjhm/hmð1þ 2fÞ;k/kð1�2fÞ: (23)

Furthermore, since k ¼ 2hf/hm, the two substitutions

(to linear order in f) are one and the same. Thus, as in a

2D suspension of hard disks (33), one can write the effective

viscosity of the membrane as

heff
m ¼ hmð1 þ 2fÞ; (24)

provided that this modification is applied to the Saffman-

Delbrück length as well.

One should not be confused by the similarity of Eqs. 6 and

24; the effective hydrodynamic response of a protein-laden

membrane is not at all similar to that of a 2D suspension. At short

distances (yet still much larger than the protein size), substituting

hm / hm(1 þ 2f) and k / k(1–2f) in Eq. 9 leads to

r � k�1 : Geff
ij ðrÞxð1� 2fÞGijðrÞ þ

f

2phm

dij: (25)

Thus, even in this region of 2D-like behavior, there is an

extra term in the membrane response, arising from the modi-

fication of k. The effect becomes much more dramatic in the

large-distance limit, where we have from Eq. 10

r[k�1 : Geff
ij ðrÞxGijðrÞ; (26)

without any effect of the embedded proteins. As in Eq. 10,

the underlying physics is that over large distances, stresses

are transmitted through the surrounding liquid. Hence, the

response becomes indifferent to the properties of the mem-

brane, be it with or without proteins.

Concentration corrections to pair diffusion

The results of the preceding section can be readily used to

obtain the corrections to the coupling diffusion coefficients

due to the presence of many mobile, disklike proteins, occu-

pying an area fraction f. All we need to do is substitute in

Biophysical Journal 96(8) 3041–3049
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Eq. 16 hm/hmð1þ 2fÞ, k/kð1� 2fÞ, and expand to

linear order in f. This results in

r[ða2k�1Þ1=3
:

dDc
LðrÞ ¼ �f

kBT

2hm

"
H0ðkrÞ � H1ðkrÞ

kr
þ 1

2
ðY2ðkrÞ

�Y0ðkrÞÞ þ 2

pðkrÞ2

#

dDc
TðrÞ ¼ �f

kBT

2hm

ðkrÞ2�1

kr

24H�1ðkrÞ þ Y1ðkrÞ

þ 2

pkrðkr þ 1Þ

#
:

(27)

Equation 27 gives the concentration corrections to the bare

coupling diffusion coefficients given in Eq. 16. Their spatial

A

B

FIGURE 2 Concentration corrections to the longitudinal (A) and trans-

verse (B) coupling diffusion coefficients as a function of interprotein

distance. The corrections to the diffusion coefficients are scaled by kBTf/

(2hm) and the distance by the Saffman-Delbrück length k�1. The results

for r [ (a2k�1)1/3 (Eq. 27, solid lines) are presented along with their

asymptotes for r [ k�1 (Eq. 28, dotted lines) and (a2k�1)1/3 � r � k�1

(Eq. 29, dashed lines).
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dependencies are depicted in Fig. 2. The correction to the

longitudinal coupling is always negative, whereas the correc-

tion to the transverse one becomes positive for r > k�1. This

is because at such large distances the bare transverse

coefficient Dc
T (Eq. 17) increases, rather than decreases,

with hm.

At large distances we get the following corrections to Eq. 17:

r[k�1 : dDc
L;TðrÞxHf

kBT

phmðkrÞ2
: (28)

Recall that the bare longitudinal coefficient decays at large

distances as 1/r, whereas the transverse one decays as 1/r2

(Eq. 17). Hence, according to Eq. 28, the asymptotic

behavior of Dc
L is unaffected by the presence of the proteins,

Dc
L/Dc

L. This is because at such distances the bare Dc
L is

independent of membrane viscosity (Eq. 17). By contrast,

the transverse coefficient is affected (increased) by f at large

distances, Dc
T/ð1þ 2fÞDc

T.

At distances much shorter than k�1, Eq. 27 becomes�
a2k�1

	1=3� r � k�1 :

dDc
L;TðrÞxf

kBT

2phm

½lnðkr=2Þ þ g þ 1H1=2�:

(29)

Comparing with Eq. 18, we find that the leading term

[~ln(kr)] is renormalized by f as in a 2D liquid, Dc
L;T/

ð1� 2fÞDc
L;T. Yet, the next-order term [O(1)] does not

follow the same law. This is again because there is another

dependence on hm in the length k�1.

DISCUSSION

The theory presented here has yielded several predictions con-

cerning the correlated Brownian motion of pairs of membrane

proteins, which can be directly checked in two-particle tracking

experiments using Eq. 15. Equation 16 gives the longitudinal

and transverse coupling diffusion coefficients as a function of

interprotein distance. An equivalent result, in the form of in-

plane response functions, has been previously reported (19).

It is valid at sufficiently large distances and insensitive to the

size and shape of the proteins. For smaller distances, yet still

larger than the protein size a, we have derived expressions

for the coupling diffusion coefficients to leading order in a/r
and assuming a disklike shape of the embedded proteins (Eq.

19). Since the finite-size correction is only quadratic in a/r, it

becomes significant only for distances r ( (a2k�1)1/3. For

a ~ 1 nm and k�1 ~ 103 nm, this crossover length is only ~10

nm. Thus, we expect the finite size of proteins to affect their

hydrodynamic coupling only at nanometer-scale distances.

We have provided the corrections to the two coupling coeffi-

cients due to the presence of other membrane proteins, to

leading order in their area fraction f (Eq. 27).

Several particular predictions are worth emphasizing.
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First, the longitudinal diffusion coefficient decays with

distance more slowly than the transverse one. Asymptoti-

cally, Dc
L decays as 1/r, whereas Dc

T decays as 1/r2 (Eq. 17).

Second, at such large distances Dc
L becomes independent

of membrane viscosity and is, in fact, identical to the longitu-

dinal coefficient in an unbounded liquid. This is because

the coupling in this regime is mediated by flows in the

surrounding liquid. Thus, the large-distance longitudinal

coupling should be the same for different membranes in the

same solvent and can be tuned by changing the solvent

viscosity. The dominance of stresses in the outer liquid holds

for the transverse coupling as well, yet this coupling arises

from an effective force dipole, which is proportional to

k�1¼hm/(2hf) and, therefore, remains membrane-dependent.

We note that these asymptotes hold for r[k�1 � 0:1�1 mm

and, hence, may be hard to observe in practice. Nonetheless,

the difference in the spatial decays should be seen already at

much shorter distances. (See Fig. 1, A and B.)

Third, the longitudinal coefficient at large distances is pre-

dicted to be independent of protein concentration (Eq. 28).

This is merely another consequence of the membrane-inde-

pendence of this coefficient. By contrast, the large-distance

transverse coefficient not only depends on protein concentra-

tion but increases with f (Eq. 28 and Fig. 2 B). This unusual

result—hydrodynamic interaction enhanced by particle

concentration—stems from the aforementioned effective

force dipole, which increases with k�1 ~ hm.

The concept of effective viscosity may have different, not

necessarily equivalent, definitions (11). The case of a

membrane with mobile inclusions seems to clearly demon-

strate this difficulty. If one measured the large-distance

longitudinal coupling coefficient as a function of f, one

would find no concentration effect and might infer, therefore,

that the proteins do not modify the effective viscosity of the

membrane. If the large-distance transverse coefficient were

measured, however, an increase with f would be found,

naively leading to the conclusion that hm
eff decreases with

f. A more careful examination of how the large-distance

asymptotes of Dc
L and Dc

T depend on hm, and how this depen-

dence changes with f, reveals a concentration dependence

identical to that in a 2D suspension, hm
eff ¼ hm(1 þ 2f).

(Compare Eqs. 17 and 28.) The calculation by Henle and

Levine (35) is based on the same (Saffman) theory, yet

follows Einstein’s original definition of the effective

viscosity as the coefficient relating average stress (or dissipa-

tion rate) with strain rate under a given global shear flow

(32). They find yet another concentration dependence in

the limit ka / 0, hm
eff ¼ hm(1 þ 3f). In the cases of 3D

and 2D suspensions, the aforementioned three possible defi-

nitions of hm
eff give identical results (29). The different

behavior of membranes lies in the fact that they do not

conserve momentum, i.e., in the appearance of the length

scale k�1 and its dependence on hm.

Thus, the effect of inclusions on membrane viscosity depends

on the definition of that transport coefficient and the experiment
under consideration. The definition used here relates to how the

response of the membrane to local perturbations changes with

f. It is relevant, therefore, to microrheological and particle-

tracking experiments. Einstein’s definition, as used by Henle

and Levine (35), should be appropriate for larger-scale rheolog-

ical measurements. We have found that the effective response in

the presence of proteins is given, as in a 2D suspension, by

substituting hm/heff
m ¼ hmð1þ 2fÞ. Yet, unlike 2D suspen-

sions, this substitution should be made also in the Saffman-Del-

brück length, k�1 ¼ hm=ð2hfÞ/heff
m =ð2hfÞ. The extra

dependence of k on f leads to a qualitatively different effective

response. A clear demonstration is given by the concentration

correction to the transverse coupling, dDc
T, where the interplay

between the f-dependencies of hm and k leads to a sign reversal

of that term (Fig. 2 B). Another consequence is the aforemen-

tioned independence of the large-distance longitudinal

coupling, Dc
L, on protein concentration.

We note that a similar absence of a concentration effect on

the large-distance response has been observed in another

quasi-2D system—a suspension confined between two plates

(36,37). The physical origins of the two phenomena,

however, are slightly different. In the confined suspension,

momentum is lost to the solid boundaries, and the far

response arises solely from liquid mass displacement, which

is not affected by the presence of particles. In membranes,

the far response does arise from momentum diffusion, yet

these dynamics take place in the outer liquid and, therefore,

are insensitive to the presence of membrane inclusions.

This analysis has involved several rather severe approxi-

mations. It should be regarded, therefore, as a first step

toward understanding the correlated dynamics of membrane

proteins or, alternatively, as a possible means to isolate

simple hydrodynamic effects from other, more specific ones.

First, we have focused on the hydrodynamic coupling

between proteins, neglecting any direct interaction (38).

Such interactions may arise from actual (e.g., electrostatic)

potentials or be induced by the perturbations that inclusions

introduce in the membrane (10,39,40).

Second, as in previous theories, we have considered

a homogeneous membrane, whereas actual biomembranes

are believed to contain various heterogeneities and domains

(41). A homogeneous hydrodynamic description may still be

applicable inside such a submicron domain.

Third, the calculations have been made in the limit of very

small particle size, ka� 1. As the typical values of k�1 are

micron-scale, this should be a good approximation for prac-

tically all membrane proteins. The Saffman theory can be

extended to large values of ka as well, yet the calculations

become significantly more complicated (16,35).

Fourth, we have treated the membrane as a perfectly flat

surface, whereas in practice it is curved and fluctuating.

Curvature and bending fluctuations, apart from their afore-

mentioned ability to induce interactions between embedded

proteins, may also affect their 2D-projected diffusion as

observed in experiments (42–45).

Biophysical Journal 96(8) 3041–3049
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Finally, we have studied the effect of protein concentra-

tion to linear order only, assuming f � 1. As in the much

simpler case of a 3D suspension of hard spheres, extension

to higher orders in f should be difficult, involving static

and dynamic correlations between particles. Nevertheless,

some of our results clearly emanate from more fundamental

considerations and should hold for higher values of f as

well. For example, the f-independence of Dc
Lðr[ k�1Þ arises

from stresses being transmitted through the outer liquid; thus,

we conjecture that it is valid to all orders in f. It is also plau-

sible that, in the limit ka� 1, expressions of higher order in

f could be obtained by merely substituting for hm (both

directly and in k) the effective viscosity, hm
eff(f), as calculated

for a 2D suspension. These predictions, naturally, will break

down at sufficiently high concentration, when the assembly

of inclusions crystallizes or jams.

APPENDIX: FAXÉN LAWS FOR A MEMBRANE

In this Appendix, we calculate the approximate membrane-analogue of the

3D Faxén laws. These laws relate the linear velocity U and angular velocity

U of a rigid particle, and the flow field v(r) in which it is embedded, with the

moments of force distribution that it exerts on the embedding fluid.

Let the center of a disk of radius a be located at the origin, and let f(r0) be

the distribution of forces that it exerts on the system. This force distribution

changes the membrane velocity at position r by
R

dr
0
Gijðr� r

0 Þfjðr
0 Þ, where

G is the membrane-analogue of the Oseen tensor, Eq. 8. Assuming no slip at

the particle perimeter, we have

r ¼ a : Ui þ ðU � rÞi¼ yiðrÞ þ
Z

dr
0
Gij

�
r� r

0	
fj
�
r
0	
:

(30)

We have intentionally left the domain r0 of the force distribution unspec-

ified, since the calculation is insensitive to it; the vector r, however, must

be on the particle perimeter, where the no-slip boundary condition is

imposed.

Assuming that v(r) changes very moderately on the scale of a, we expand

vðrÞxvð0Þ þ abrivivð0Þ þ 1
2
a2bribrjvivjvð0Þ. Since both r and r0 in Eq. 30

are of order a, and we have been assuming throughout this work ka� 1,

we can substitute for G its short-distance asymptote, Eq. 9. Within these

approximations, integrating Eq. 30 over r yields the analogue of the first

Faxén law,

F ¼ 4phm

lnðka=2Þ þ g þ OðkaÞ2

�
�
vð0Þ þ 1

4
a2V2vð0Þ �U þ O

�
a4V4v

	�
; ð31Þ

where F ¼
R

dr
0
fðr0 Þ.

Next we multiply both sides of Eq. 30 by r and integrate over r. Sepa-

rating the resulting tensors into symmetric and antisymmetric contributions,

we obtain the analogue of the second Faxén law for the torque and force

dipole (stresslet),

L ¼ 2phma2
�
1 þ OðkaÞ2


��
1 þ 1

8
a2V2 þ O

�
a4V4

	�
� ½V � vð0Þ� � 2U

�
; ð32Þ

Biophysical Journal 96(8) 3041–3049
Sij ¼ 2phma2
�
1 þ OðkaÞ2


�
1 þ 1

8
a2V2 þ O

�
a4V4

	�
�
�
viyjð0Þ þ vjyið0Þ



; ð33Þ

where L ¼
R

dr
0 ½r0 � fðr0 Þ� and Sij ¼ ð1=2Þ

R
dr
0 ½r0i fjðr

0 Þ þ r
0

jfiðr
0 Þ�.

In regular Stokes flows k ¼ 0, V4v ¼ 0, V2(V � v) ¼ 0, and the Faxén laws

become exact. Thus, Eqs. 31–33 are exact for 2D liquids, where, addition-

ally, the term proportional to V2(V� v) in Eq. 32 vanishes. For membranes,

however, their validity is restricted to sufficiently small particles, ka� 1. In

addition, the terms of order a2 are valid provided that the considered flow is

not too uniform, jV2jy/yj[ k2.
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